In this article, a Krasnoselskii-type and a Halpern-type algorithm for approximating a common fixed point of a countable family of totally quasi-φ-asymptotically nonexpansive nonself multi-valued maps and a solution of a system of generalized mixed equilibrium problem are constructed. Strong convergence of the sequences generated by these algorithms is proved in uniformly smooth and strictly convex real Banach spaces with the Kadec-Klee property. Several applications of our theorems are also presented. Finally, our theorems are a significant improvement of several important recent results.
Introduction
In what follows, we assume that X is a real Banach space with dual space X * , K is a nonempty, closed, and convex subset of X, and → and will, respectively, denote strong and weak convergence.
(See, e.g., Wang and Zang [] for a similar definition for self maps.) Let G : K →  X be any map. A point u ∈ K is called a fixed point of G if and only if u ∈ Gu and it is called an asymptotic fixed point of G if there exists a sequence {u n } in K that converges weakly to u and lim n→∞ d(u n , Gu n ) := lim n→∞ inf η n ∈Gu n u n -η n =  (see Chang et al. [] ). We denote the set of fixed points and asymptotic fixed points of G by F(G) andF(G), respectively. A subset K of X is said to be a retract of X, if there exists a continuous map P : X → K such that Pu = u, for all u ∈ X. It is well known that every nonempty, closed, convex subset of a uniformly convex Banach space X is a retract of X. A map P : X → K is said to be a retraction if P  = P. A map P : X → K is said to be a nonexpansive retraction, if it is nonexpansive and it is a retraction from X to K .
Define the Lyapunov functional φ : X × X → R by
From the definition of φ it is obvious that
In what follows, we assume that P : X → K is a nonexpansive retraction.
Definition . A nonself multi-valued map G : K →  X is said to be relatively asymptotically nonexpansive if F(G) = ∅,F(G) = F(G), and there exists a real sequence {β n } ⊂ [, ∞), β n ↓  such that φ(p, η n ) ≤ β n φ(p, u) ∀u ∈ K , p ∈ F(G), η n ∈ G(PG) n- u, n ≥  (see, e.g.,
Wang and Zang [] for a similar definition for self maps).
The following definitions appear in Bo and Yi [] .
Definition . A nonself multi-valued map G : K →  X is said to be
• quasi-φ-asymptotically nonexpansive if F(G) = ∅ and there exists a real sequence
n ≥ ; • totally quasi-φ-asymptotically nonexpansive if F(G) = ∅ and there exist nonnegative real sequences {γ n }, {δ n } with γ n → , δ n →  (n → ∞) and a strictly increasing and continuous function ρ : R + → R + with ρ() =  such that
Remark  From the definitions, it is easy to see that the class of relatively asymptotically nonexpansive multi-valued nonself maps and the class of quasi-φ-nonexpansive multi-valued nonself maps are proper subclasses of the class of quasi-φ-asymptotically nonexpansive multi-valued nonself maps and that the class of quasi-φ-asymptotically nonexpansive multi-valued nonself maps is a proper subclass of the class of totally quasi-φ-asymptotically nonexpansive multi-valued nonself maps, but the converse may not be true.
Definition . A countable family of multi-valued nonself maps,
• uniformly totally quasi-φ-asymptotically nonexpansive if ∞ i= F(G i ) = ∅ and there exist nonnegative real sequences {γ n }, {δ n } with γ n → , δ n →  (n → ∞) and a strictly increasing and continuous function ρ :
Remark  From the definitions, it is easy to see that a countable family of uniformly quasi-φ-asymptotically nonexpansive multi-valued nonself maps is a countable family of uniformly totally quasi-φ-asymptotically nonexpansive multi-valued nonself maps.
Remark  We also remark that a collection of countable families of uniformly totally quasi-φ-asymptotically nonexpansive multi-valued nonself maps is a subcollection of a collection of countable families of totally quasi-φ-asymptotically nonexpansive multivalued nonself maps.
A motivation for the study of the class of totally quasi-φ-asymptotically nonexpansive self or nonself maps is the objective to unify various definitions of classes of maps, associated with the class of relatively nonexpansive self or nonself maps, which are extensions to arbitrary real Banach spaces of nonexpansive nonself maps, with nonempty fixed point sets in Hilbert spaces. Our objective is to prove general convergence theorems applicable to all these classes. X is said to be
• uniformly continuous if for u n , v n ∈ K we have
Remark  It is easy to see that the class of uniformly L-Lipschitz multi-valued nonself maps is a proper subclass of the class of uniformly continuous multi-valued nonself maps and the class of uniformly continuous multi-valued nonself maps is a proper subclass of the class of equally continuous multi-valued nonself maps.
Let ψ : K → R be a real-valued function, A : K → X * be a nonlinear map, and f : K × K → R be a bifunction. The generalized mixed equilibrium problem is to find u
The set of solutions of the generalized mixed equilibrium problem is denoted by GMEP(f , A, ψ). 
The generalized mixed equilibrium problem has applications in physics, economics, finance, transportation, network and structural analysis, ecology, image reconstruction, and elasticity. It includes, as special cases, fixed point problems, variational inequality problems, complementarity problems, equilibrium problems, optimization problems, Nash equilibrium problems in noncooperative games, etc. In , Chang et al.
[] considered the class of uniformly quasi-φ-asymptotically nonexpansive nonself maps and studied, in a uniformly convex and uniformly smooth real Banach space, the following Halpern-type algorithm:
where
is a countable family of uniformly L-Lipschitz continuous and uniformly quasi-φ-asymptotically nonexpansive nonself maps. The authors prove that the sequence {u n }, generated by the above iterative scheme, converges strongly to F u  , under the following conditions: (C) lim n→∞ α n = ; (C)  < lim inf n→∞ β n ≤ lim sup n→∞ β n < ; (C) F is a bounded and convex subset of K , where α n ∈ [, ] and β n ∈ (, ).
In the same year, Zhao and Chang [] proved that the sequence {u n }, generated by algorithm (.), converges strongly to F u  under conditions (C), (C), and the following condition:
where (C * * ) F is a nonempty subset of K .
In , Bo and Yi [] proved that the sequence {u n }, generated by the iterative algorithm Motivated by these authors, it is our purpose in this paper to study the following Krasnoselskii-type and Halpern-type algorithms:
We also aim to prove, in a uniformly smooth and strictly convex real Banach space X with Kadec-Klee property, that the sequences generated by these algorithms converge strongly to an element in W := (
is a countable family of equally continuous and totally quasi-φ-asymptotically nonexpansive nonself multi-valued maps;
* is a sequence of continuous and monotone maps; 
Preliminaries
normalized duality map on X, where ·, · denotes the duality pairing between elements of X and X * .
We now present some lemmas that will be used in the sequel. 
Let K be a nonempty closed and convex subset of a Banach space X. For solving the generalized mixed equilibrium problem (.), we assume that a bifunction h : K × K → R satisfies the following conditions:
: K → R is convex and lower-semicontinuous.
Lemma . (See Zhang []) Let X be a smooth, strictly convex and reflexive Banach space and let K be a nonempty closed convex subset of X. Let A : K → X * be a continuous and monotone mapping, ζ : K → R be a lower-semicontinuous and convex function, and h : K × K → R be a bifunction satisfying the conditions (B)-(B). Let r >  be any given number and u ∈ X be any given point. Then the following observations hold:
() If we define a mapping r : K → K by
then the mapping G r has the following properties:
Main results
In what follows, i n and m n are the unique solutions to the positive integer equation
. That is, for each n ≥ , there exist unique i n and m n such that
. We now prove the following strong convergence theorem using a Krasnoselskii-type algorithm.
Theorem . Let X be a uniformly smooth and strictly convex real Banach space with Kadec-Klee property and let X * be its dual space. Let K be a nonempty closed and convex subset of X and h i
: K × K → R, i = , , , . . .
, be a sequence of bifunctions satisfying (B)-(B). Let
A i : K → X * , i = , , , . . .
, be a sequence of continuous monotone maps and G
i : K →  X , i = , , . .
. , be an infinite family of equally continuous and totally quasi-φ-asymptotically nonexpansive nonself multi-valued maps with nonnegative real sequences {γ
n } and a sequence of strictly increasing and continuous functions {ρ i },
, be a sequence of convex and lower-semicontinuous functions. Suppose for each i, δ
is a nonempty subset of K . Then the sequence {u n } generated by algorithm (.) converges strongly to u  , where σ ∈ (, ), r i n ∈ [a, ∞) for some a > , and ω n = γ
Proof The proof is presented in a number of steps.
Step : K n is closed and convex for all n ≥ .
Clearly, K  = K is closed and convex. Assume K n is closed and convex for some n ≥ . It is easy to see that K n+ = {v ∈ K n :  v, Ju n -Jz n ≤ u n -z n + ω n }. Consequently, it is closed and convex. Hence, Step  is completed.
Step : ⊂ K n for all n ≥ . Again, we proceed by induction. Clearly, ⊂ K  . Suppose ⊂ K n for some n ≥ . Let q ∈ . Then, by applying Lemma .(d), the definition of φ, the convexity of ·  , and the totally quasi-φ-asymptotically nonexpansiveness of G i , we have
which implies that q ∈ K n+ . Therefore, ⊂ K n for all n ≥ .
Step : {φ(u n , u  )} is convergent and lim n→∞ ω n = .
, which implies that {φ(u n , u  )} is nondecreasing. Furthermore, by Lemma ., we have
for all n ≥  and q ∈ . Thus, {φ(u n , u  )} is bounded. Hence, {φ(u n , u  )} is convergent. Furthermore, by inequality (.), {u n } is bounded. Now, for each i ≥ , define
Step : u n → u * , z n → u * , and y n → u * as n → ∞, for some u * ∈ K .
By the boundedness of {u n } and reflexivity of X, there exists a subsequence {u n k } of
By the weak lower-semicontinuity of
By the KadecKlee property of X, we have lim k→∞ u n k = u * . Since {φ(u n , u  )} is convergent and
Claim: u n → u * .
Suppose there exists a subsequence {u n j } of {u n } such that u n j → p as j → ∞. By applying Lemma ., we have
which implies u * = p. Hence, the claim holds. Again, by Lemma . we have
this with the fact that z n = r in y n and Lemma .(d), we have
for any q ∈ . This implies that lim n→∞ φ(z n , y n ) = . Again, by Lemma . we have y n → u * .
Step : u * ∈ .
We first show that u
Step  and by the uniform continuity of J on bounded subsets of X, we have Jy k -Ju
which implies that lim k→∞ Jη
By the norm-to-weak continuity of J - , we have, for each i ≥ , η We now consider the sequence {w
By the continuity of G i P, we have, for each i ≥ , lim k→∞ w
since u * ∈ K . Using the continuity of both G i and (.), we obtain for each i ≥ 
Therefore, for each i ≥ , w
Hence, by the uniqueness of the limit, we 
By applying (B), we have, for each i ≥ ,
which implies that
conditions (B) and (B) we have, for each i ≥ ,
By (B), we have,
Also, since u n = K n u  and v ∈ ⊂ K n , we have
Since u n → u * , we have
From inequalities (.) and (.) we obtain φ(u 
n } and a sequence of strictly increasing and continuous functions
. . , be a sequence of convex and lower-semicontinuous functions. Suppose, for each i, δ
is a nonempty subset of K . Then the sequence {u n }, generated by algorithm (.), converges strongly to u  , where {σ n } ⊂ (, ) with lim n→∞ σ n = , r i n ∈ [a, ∞) for some a > , and ω n = γ
Proof As in the proof of Theorem ., the proof of this theorem is presented in six steps.
Step : K n is closed and convex for all n ≥ . This follows easily by induction, just as in the proof of Theorem ..
Step : ⊂ K n for all n ≥ . Clearly, ⊂ K  . Suppose ⊂ K n for some n ≥ . Let q ∈ . Then by applying Lemma .(d), the definition of φ, the convexity of ·  , and the totally quasi-φ-asymptotically nonexpansiveness of G i , as in Step  of the proof of Theorem ., we have
= σ n φ(q, u  ) + ( -σ n )φ(q, u n ) + ω n , which implies that q ∈ K n+ . Therefore, by induction, ⊂ K n for all n ≥ .
Step : {φ(u n , u  )} is convergent and lim n→∞ ω n = . This follows just as in Step  of the proof of Theorem .. 
Conclusion
In this article, iterative schemes of the Krasnoselskii-type and the Halpern-type for approximating a common point in the set of common fixed points of a countable family of totally quasi-φ-asymptotically nonexpansive nonself multi-valued maps and the set of solutions of a system of generalized mixed equilibrium problems are constructed. Strong convergence of the sequences generated by these algorithms is established in certain Banach spaces. Among other applications, our theorems are applied to solve convex feasibility problems, a system of convex minimization problems, a system of variational inequality problems, and a system of generalized equilibrium problems in uniformly smooth and strictly convex real Banach spaces with the Kadec-Klee property. Finally, our theorems are important improvements of several important recent results on these classes of nonlinear problems.
